Experimental and theoretical investigations on the validity of the geometrical optics model for calculating the stability of optical traps by Bakker Schut, Tom C. et al.
0 1991 Wiley-Liss, Inc. Cytometry 12479-485 (1991) 
OPTICAL TRAPPING 
Experimental and Theoretical Investigations on the 
Validity of the Geometrical Optics Model for 
Calculating the Stability of Optical Traps 
Tom C. Bakker Schut, Gerlo Hesselink, Bart G. de Grooth, and Jan Greve 
Department of Applied Physics, Cell Characterization Group, University of Twente, The Netherlands 
Received for publication July 7, 1990; accepted March 12, 1991 
We have developed a computer pro- 
gram based on the geometrical optics ap- 
proach proposed by Roosen to calculate 
the forces on dielectric spheres in fo- 
cused laser beams. We have explicitly 
taken into account the polarization of the 
laser light and thd divergence of the laser 
beam. The model can be used to evaluate 
the stability of optical traps in a variety 
of different optical configurations. 
Our calculations explain the experi- 
mental observation by Ashkin that a sta- 
ble single-beam optical trap, without the 
help of the gravitation force, can be ob- 
tained with a strongly divergent laser 
beam. Our calculations also predict a dif- 
ferent trap stability in the directions or- 
thogonal and parallel to the polarization 
direction of the incident light. 
Different experimental methods were 
used to test the predictions of the model 
for the gravity trap. A new method for 
measuring the radiation force along 
the beam axis in both the stable and in- 
stable regions is presented. Measure- 
ments of the radiation force on polysty- 
rene spheres with diameters of 7.5 and 32 
pm in a TEM,,-mode laser beam showed 
a good qualitative correlation with the 
predictions and a slight quantitative dif- 
ference. 
The validity of the geometrical approx- 
imations involved in the model will be 
discussed for spheres of different sizes 
and refractive indices. 
Key terms: Radiation pressure calcula- 
tions, radiation pressure measurements, 
influence of polarization on radiation 
pressure 
According to Maxwell, an electromagnetic wave car- 
ries a certain momentum which causes a pressure that 
is equal to the energy density of the wave. Because 
momentum is conserved light that is scattered will ex- 
ert a force on the scattering object. 
This phenomenon, known as radiation pressure, can 
be used to levitate small particles, such as cells and 
cellular parts, as first shown experimentally by Ashkin 
(1). Using one or more focused laser beams one can 
build stable optical traps which can be used as  tools for 
micro manipulation of cells, parts of cells, bacteria, vi- 
ruses, etc. (1,4,6,8). 
In order to use radiation pressure as  a quantitative 
tool to measure the forces occurring a t  cell-cell adhe- 
sion, cell-surface adhesion, cell-antibody binding, or 
even forces inside cells for example during cell division, 
one must know the magnitude and direction of the 
forces exerted by the light. 
Using the geometrical optics model for calculating 
the radiation pressure on dielectric spheres, developed 
by Roosen (12), one can calculate in a relatively simple 
way the magnitude and direction of the force that is 
exerted by a divergent laser beam on a dielectric 
sphere. This model is only valid for spheres that are 
large as  compared to the wavelength. Cells and cellular 
parts, however, barely fulfill this criterion and there- 
fore using the model to calculate the forces on these 
objects is questionable. 
In order to study the validity of the geometrical op- 
tics model to predict the magnitude and direction of the 
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optical forces and the stability of optical traps we have 
developed a computer program, based on the calcula- 
tions of Roosen (la), which explicitly takes the polar- 
ization and the divergence of the laser beam into ac- 
count. 
We have calculated the forces exerted by the laser 
light during optical trapping in a variety of different 
optical configurations. These configurations include 
different polarization directions of the incoming light 
and the experimental conditions for the single beam 
gradient force optical trap as realized experimentally 
by Ashkin (5). 
In order to test the predictions of the model for 
spheres inside a gravity trap we have measured the 
radiation forces on dielectric spheres (with diameters of 
7.5 and 32 pm) in water. A new dynamic method has 
been developed to measure the force along the beam 
axis in both the stable and instable regions. 
FORCE CALCULATIONS 
According to Maxwell the radiation pressure P of a 
plane electromagnetic wave in vacuum equals the en- 
ergy density of the wave and has the direction of the 
propagation of the light: 
where E is the electric field strength, po is the vacuum 
permeability, and c is the velocity of light. If we con- 
sider particles that are large compared to the wave- 
length, i.e., 2rp Ih  2 100, where p is the radius of the 
particle and A is the wavelength of the electromagnetic 
wave, the processes of reflection, refraction, and dif- 
fraction may be considered as independent and the re- 
sulting forces can be added (9). In the case of large 
spheres, diffraction effects are of second order and can 
be neglected (9). 
The force F on a total absorbing surface S, with an  
angle i between the direction of light propagation and 
the normal on the surface, is then given by 
S. E” C O S ~  
F =  
2 IJ.0 ’ c2 
If a part of the incoming light is reflected and a part 
is transmitted, we can describe this process as total 
asborption followed by emission of a part of the light in 
the direction of reflection and a part in the direction of 
transmission. 
The resulting force on the scattering surface is a re- 
sult of these three forces: 
In the geometrical optics approach we can calculate 
the force f, that one ray exerts on a surface element aS 
(the ray is defined as  the light that hits aS) and then 
integrate over all rays that hit the surface of the 
sphere. If we consider a isotropic nonabsorbing sphere 
with refractive index n, and radius r in a surrounding 
fA2 
FIG. 1. A Definition of axes and angles: z is the angle of incidence, 
01 is the angle between the z axis and the ray, 0 and + are spherical 
coordinates, X, Y and Z are normal Cartesian coordinates, XI is a 
transformed axis that lies in the plane of reflection. B. Absorption, 
reflection, and refraction of a light ray that hits a sphere with radius 
r; the refractive index of the sphere is larger than the refractive index 
of the surrounding medium. The angle of incidence i = 0 + a and the 
angle of refraction is 7 .  f,, is the force caused by total absorption at  
transition i, fTl is the force caused by partial transmission at transi- 
tion i, and fR, is the force caused by partial reflection at transition i. 
medium with refractive index n, (n,>n,), we can 
write for the force f, in the direction of z (see Fig. 1): 
z. 
f, = aF,/aS = C fzA, + f?, + fzR, , (4) 
where f,,, is the force in the direction of z caused by 
absorption at transition i, fz,, is the force in the direc- 
tion of z caused by transmission at transition i, and f , ,  
is the force in the direction of z caused by reflection a t  
transition i. For a nonabsorbing medium the following 
relations must hold: 




f zR  ( I  + 11 + f z A  ( L  + 2 )  
Therefore the force F, is given by 
fz = fZA0 + fzm + C f?,,,,, ’ (5) 
f,, can be calculated using Eq. 2; in a medium with 
refractive index n, the speed of light c must be re- 
placed by v = cln, (7) so that f.,, is given by 
, = O  
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SPHERICAL SURFACE 
FIG. 2. Determination of the angle OL between the beam axis and the 
ray of a gaussian laser beam that hits the point M(X,,Z,) of a spher- 
ical surface. R is the radius of the spherical wave front, Z, is the point 
from which the ray seems to come, assuming that the ray is orthog- 
onal to the wave front, and w,is the beam waist a t  the focus (at z = 
0). 
nk . E2 . cosi 
' cos (2-0) = - c ' cos ( i -8) .  (6)  2 )Lo1 c2 fZA0 = - 
and 
T2 . [COS(~ + 8 - 27) + R . cos(i + 011 
1 + R2 + 2R.  C O S ~ T  . (8 )  
R and T are the fresnel coefficients for reflection and 
transmission (dependant of the polarization of the in- 
coming light and the angle on incidence). 
c 1=0 f.T(,+l, = c ' 
Equation 5 yields f, = 
Using Eq. 6 and integrating over the surface of the 
sphere using spherical coordinates, yields 
. (10) 
T 2 .  [cos(i+0-2~) + R . C O S ( ~ + ~ ) ]  
1 + R2 + 2R . COS2T COS(~-8) + R . C O S ( ~ + ~ )  - 
Similar expressions can be found for the X and Y di- 
rection. 
The angle of incidence of the ray can be determined 
using the geometrical optics representation of laser 
beams (1 1). The wave front is considered spherical and 
its radius of curvature R varies with the distance from 
the beam waist (see Fig. 2). For every point (M(XM,ZM) 
on the surface of the sphere that is hit by a ray one can 
calculate the position Zc from which the ray seems to 
come, the angle (Y between the ray and the beam axis, 
and the intensity of the beam in M(XM,ZM). The inten- 
sity is given by 
with 
The flux of the laser beam is given by 
E2 . n, 
ds 
and therefore 
The radius of curvature R is given by 
(14)  
The angle of incidence i for a given value of Q, can be 
calculated by (see Fig. 1); then i = (Y + 8. One finds that 
X, is given by (see Fig. 2) 
X& = R 2 ( X w )  - LR(2,) - (Zw-Z,,,)I2. (16) 
From this equation the value of Zw for a given XM and 
Z, can be calculated. One finds 
2, = R(2,) - 2, (17) 
and 
The total force exerted by the beam on the sphere can 
be obtained by calculating the forces for each value of +, transforming back to the original XYZ coordinates 
and integrating over the surface of the sphere using 
Eq. 10. 
NUMERICAL RESULTS 
Using the geometrical optics approach we developed 
a program to calculate the forces exerted by a divergent 
beam on dielectric particles of different refractive in- 
dex and size. The program was written in Pascal and 
can be run on any MS DOS personal computer. In short 
the program works as follows. There are six indepen- 
dent parameters, i.e., wavelength, radius of the beam 
waist, radius of the sphere, relative refractive index of 
the sphere, distance between the center of the sphere 
and the beam axis, and the distance between the center 
of the sphere and the beam waist. Of these six param- 
eters one parameter can be made variable over a cer- 
tain (adjustable) range and then F, and FY are calcu- 
lated for an (adjustable) number of values in the given 
range using the following procedure. For a given value 
of +, Eq. 9 is calculated (using the coordinate transfor- 
mation which puts the X axis in the plane of reflection) 
for a number of values of 8 (using Eqs. 11-18 and the 
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FIG. 3. Calculated values of the radiation force f(z) on a sphere as a 
function of z for different relative refractive indices; radius of the 
sphere = 3.75 pm and radius ofthe beam waist at  the focus = 1.8 pm. 
FIG. 4. F(z) as a function of z for a glass sphere in a strongly diver- 
gent laser beam; radius of th sphere = 5.0 km and radius of the beam 
waist at  the focus = 0.29 pm. 
FIG. 5. F(y) as a function of y for a sphere in vacuum using different 
polarizations of the incident light; radius of the sphere = 20 km and 
the refractive index = 1.5; the beam is cylindric with a radius of 5 pm. 
Line with squares, F(y) for light with polarization orthogonal to YZ 
plane; Line with crosses, F(y) for light with polarization parallel to  YZ 
plane; Line with rhombs, F(y) for nonpolarized light. 
expressions for the Fresnel coefficients) and then nu- 
merically integrated using Simpsons rule. The contri- 
butions for the different values of + are transformed 
back to the original XYZ coordinates and then numer- 
ically integrated, again using Simpsons rule. The num- 
ber of different values for 0 and + is taken in such a 
way that the total error in F, and F, is less than 0.5%. 
Typical results are shown in Figures 3-5. 
Figure 3 shows the force in the direction of the inci- 
dent light as a function of the distance between the 
focus and the center of the sphere for a number of rel- 
ative refractive indices; the sphere has a diameter of 
7.5 pm and the focus has a radius of 1.8 pm. The dip in 
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the magnitude of F, after the focus is caused by the 
nearly orthogonal incidence of the light rays at the 
focus: the reflection force is low near orthogonal inci- 
dence and the refraction force has a low z component 
near orthogonal incidence. For very low refractive in- 
dices the force becomes negative (that is in the direc- 
tion of the focus) after the focus. The sphere acts as a 
weak positive lens and the refracted beam will be less 
divergent so that there is an increase in momentum in 
the z direction which is compensated for by a negative 
force on the sphere. The reflection forces, to a first 
approximation, yield a positive force but because the 
reflection for low relative refractive indices is smaller 
than the transmission, the force can be negative. 
Figure 4 shows the force in the direction of the inci- 
dent light as a function of the distance of the sphere to 
the focus for a glass sphere with a radius of 5 pm in a 
strongly divergent laser beam (radius of the focus is 
0.29 km). The force F, is negative shortly after the 
focus. This was experimentally observed by Ashkin (5) 
but not yet theoretically calculated. 
Figure 5 shows the differences in F, (positive in the 
direction of the beam axis) as a function of the distance 
y from the beam axis for different polarizations of the 
incoming light. The differences can be explained by the 
fact that, if the sphere is somewhat off the beam axis in 
the y direction, light with a polarization orthogonal to 
the YZ plane is mainly scattered with its polarization 
orthogonal to the plane of reflection; the reflection co- 
efficient has a higher value at this polarization and the 
reflection forces are therefore higher than for incident 
light with the polarization parallel to the YZ plane. 
EXPERIMENTAL SET-UP AND 
MEASURING METHODS 
To test some of the predictions of the geometrical 
optics model we measured the radiation forces on two 
different kinds of dielectric spheres with diameters of 
7.5 and 32 pm in a gravity trap. Schematic drawings of 
the configuration used are shown in Figure 6A and 6B. 
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FIG. 6A. Schematic drawing of the configuration used: measuring 
system (seen from above). L, lens; OBJ, objective; G, ground glass; 
MD, millimeter division; D, diaphragm; BS, beam splitter; CG, color 





FIG. 6B. Schematic drawing of the configuration used: gravity trap 
(seen from aside); the cuvet can be moved in X, Y, and Z direction. 
AR-Laser, Argon laser (A = 488 nm); ND, neutral density filter; S1, 
mirror; OBJ, objective. 
Light from a 0.1 W Argon laser (model 5500 AWC, 
Ion Laser Technology, Salt Lake City, UT) with A = 
488 nm, polarized parallel to x axis, was focused to a 
spot with a radius of 1.79 pm using a Leitz 32/0,40 
objective (Leitz Gmbh, Wetzlar, West Germany). The 
spheres were suspended in distilled water and con- 
tained in a quartz cuvet (Hellma GMBH, West Ger- 
many). The cuvet can be moved in X, Y, and Z direction 
using three encoder stepper mikes and an  encoder mike 
controller (model 1801 1, Oriel Corporation, Stratford, 
CT). 
The position of the spheres inside the cuvet was mon- 
itored with a Panasonic F10 ccd camera (Matsushita 
Electrics, Japan); at the same time a millimeter divi- 
sion was projected so that the position of the spheres 
relative to the focus could be measured. Measurements 
were recorded using a S-VHS video recorder (JVC HR- 
S5000E). The millimeter division was calibrated in two 
ways, first using a microscope calibration target and 
second using the stepper mikes (resolution < 0.5 pm); 
both calibrations were in excellent agreement. The 
power of the laser light inside the cuvet was calculated 
by measuring at  points in front of and behind the cuvet 
with a power monitor (Scientech 361-2229, Scientech, 
Inc, Boulder Colorado, CO) and correcting for the losses 
a t  the transitions. 
Two kinds of spheres were used, blank spheres (ma- 
terial unknown) of 7.5 pm diameter (mean), refractive 
index of 1.54 * 0.02, and specific gravity of (1.197 2 
0.002) x lo3 kg/m3 (Flow Standards Corporation, Re- 
search Triangle Park NC) an  blank polystyrene 
spheres of 27.4 pm diameter (mean), refractive index of 
1.60, and specific gravity of 1.0495 x lo3 kg/m3 (Poly- 
sciences, Inc., Warrington PA). 
For the 7.5 pm spheres the refractive index and spe- 
cific gravity had to be measured, for the 27.4 pm 
spheres the refractive index was taken from the hand- 
book of Chemistry and Physics (ed. 571, the specific 
gravity was measured. The refractive index was mea- 
sured by comparing it to the refractive indices of fluids 
with known refractive indices. The specific gravity was 
measured using a sucrose gradient. 
In the static method, F, was measured by determin- 
ing the equilibrium positions in the gravity trap as a 
function of the power “p” of the incident light: FJp) = 
FG and then calculating the value of Fz a t  a power of 1 
W: F,(1) = F,(p)/p. This method is limited to the re- 
gions where aFz(z)/az < 0, since only there we can have 
an  equilibrium. The maximum possible error in the 
measurement of F,, using the static method, is esti- 
mated to be 10%. F, can also be measured in the un- 
stable regions by continuous measurement of z and 
coupling this information back to the laser as  done by 
Ashkin (2). We developed a more simple dynamic 
method by measuring the velocity v of a sphere under 
the influence of the forces FZ and FG. One finds: 
rna=‘iF=F,(z) -Fg-6mlruk), 
where 6rrqrv is the Stokes force caused by friction (q is 
the viscosity ofwater). One can show that C F is always 
very small compared to the three forces individually if 
the acceleration of the particle is not more than 1 mmi 
s; in that case the velocity is continuously determined 
by F,: 
F&) = 6 n ~ l r u k )  -F,. 
If one makes F, > F, for all positions along the beam 
axis, one can determine v(z) by measuring z as a func- 
tion of time and calculate F,(z). The velocity v(z) was 
measured using the still picture option of the video 
recorder (25 pictures per s). The maximum possible er- 
ror in the measurement of F,, using the dynamic 
method, is estimated to be 30%. 
EXPERIMENTAL RESULTS 
Typical results of force measurements for dielectric 
spheres of 7.5 pm and a refractive index of 1.54 are 
shown in Figure 7. The crosses represent the static 
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FIG. 7. Measurements of f(z) as a function of z relative to the cal- 
culated values for spheres with a radius of 3.75 pm and a focus with 
a radius of 1.8 pm. Solid line, calculated values for a refractive index 
of the sphere = 1.54. Line with rhombs, dynamic measurements. 
Crosses, statical measurements. 
measurements and the line with rhombs represents the 
dynamic measurements. The solid line represents the 
geometrical optics prediction calculated for the exper- 
imental conditions. 
Figure 8 shows the measurements for dielectric 
spheres of 32 pm and a refractive index of about 1.60. 
The crosses represent the statical measurements and 
the line with rhombs represents the dynamic measure- 
ments. The solid line with the white squares represents 
the calculated values using a refractive index of 1.60; 
the solid line represents the geometrical optics predic- 
tion calculated for the experimental conditions and a 
refractive index of 1.65. 
DISCUSSION 
The numerical results of our model show a qualita- 
tive agreement with all measurements done. The 
model is also able to explain the observations of Ashkin 
of a single beam optical trap. The calculated values for 
the single beam gradient force optical trap are also in 
agreement with the experimental results of Ashkin; at 
a laser power of 100 mW one finds a maximum attrac- 
tive force of 2.5 x N which is greater than the 
gravity force on a 10 pm glass sphere (Fg = 7.5 x 
N). 
The measured values show a good qualitative corre- 
lation with the numerical results as can be seen from 
Figures 7 and 8. For the spheres of 7.5 pm there seem 
to be small differences in the positions of the maxima 
and minima. This might be due to the fact that these 
spheres are too small to justify the use of the geomet- 
rical optics model. For spheres with a diameter of 7.5 
pm the value of 2npIh is 64 which is somewhat lower 
than a value 100 required for the geometrical optics 
approach. For the spheres with a diameter of 32 pm the 
I Alk 
FIG. 8. Measurements of f(z) as a function of z relative to the cal- 
culated values for spheres with a radius of 16 pm and a focus with a 
radius of 1.8 km. Solid line with squares, calculated values for a 
refractive index of the sphere = 1.60. Solid line, calculated values for 
refractive index of the sphere = 1.65. Line with rhombs, dynamic 
measurements. Crosses, statical measurements. 
value of 2nplh is 275 which justifies the use of the geo- 
metrical optics model. 
The qualitatively good correlation between the nu- 
merical and experimental results show that the model 
can be used to predict the stability of an optical trap for 
spheres with a diameter of 7.5 pm or larger. The sta- 
bility is determined by the negative slopes in the 
graphs (the steeper the slope, the more stable the trap). 
The static and dynamic measurements show a very 
good agreement. For both kinds of spheres the mea- 
sured values are somewhat higher as the calculated 
values; measurements for FY (not shown here) show 
the same effects. The difference in the calculated and 
measured values might be due to systematic errors in 
our measurements, to systematic errors in our calcula- 
tions, to wrong assumptions in the model, or, in the 
case of the small spheres, it might be due to the fact 
that the model is not entirely valid. 
Systematic errors in our measurements seem un- 
likely considering the differences between the calcu- 
lated and the measured values of the different spheres. 
For the 7.5 pm spheres there is a very good agreement 
near the focus and the differences occur away from the 
focus. For the 32 pm spheres the differences between 
the calculated values for (n = 1.60) and the measured 
values are more uniform. 
To verify our numerical calculations we reproduced 
the results of Roosen (12). Our calculations show excel- 
lent quantitative and qualitative agreement with the 
theoretical results of Roosen whose measurements of 
radiation pressure on large solid glass spheres are in 
quantitative agreement with the theoretical results he 
obtained. 
The best possible explanation therefore is that we 
made wrong assumptions in the model or that the 
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model is not entirely valid. A possible explanation is 
that for small spheres resonance phenomena can occur 
(3,101. These resonances are thought to be caused by 
dielectric surface waves and should only appear when 
light hits the edge of the spheres. This is not true near 
the focus for the spheres we used (diameter of the 
sphere is greater than diameter of the beam waist) but 
only when wo 2 r; using (9) one calculates that this is 
true at a distance z = 50 pm from the focus, just where 
the differences between the measured and the calcu- 
lated values occur (see Fig. 7). These resonances there- 
fore gives a very plausible explanation for the differ- 
ences between our calculated and measured values for 
the 7.5 pm spheres. 
A second possibility is that the assumption that the 
spheres do not absorb is not completely correct. If the 
spheres partially absorb the used model is not correct 
and the resulting radiation forces will be higher than 
expected but will probably be in qualitative good agree- 
ment with the forces for non absorbing spheres because 
of the reflection and refraction part. 
It should be noted that the magnitude of the calcu- 
lated forces is very sensitive for the refractive index. 
For the 32 pm spheres we used a refractive index of 
1.60, but when one assumes a refractive index of 1.65 
[as done by Ashkin (5)] one gets a very good agreement 
between the theoretical and experimental results as 
can be seen in Figure 8. 
In conclusion we believe that the geometrical optics 
model can be used to predict the regions where stable 
optical trapping is possible and that it can be used to 
predict the stability of an optical trap, even for spheres 
with a radius smaller than the value given by 2 q d h  2 
100. 
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